We study the problem of finding complete conformal metrics determined by a symmetric function of Ricci tensor in a negative convex cone on compact manifolds. A consequence of our main results is that any smooth bounded domain in Euclidean space of dimension greater or equal to 3 admits a complete conformally flat metric of negative Ricci curvature with det(−Ric) = 1.
In this paper, we study the problem of finding a complete metricg on M in the conformal class of g such that
and f −λ g −1 Ric˜g = ψ in M, (1.4) where λ(g −1 Ric˜g) = (λ 1 , . . . , λ n ) are the eigenvalues ofg −1 Ric˜g, and ψ ∈ C ∞ (M) is a prescribed function.
We call a metricg satisfying (1. The function f is assumed to satisfy the following conditions:
f is a concave function, ( For convenience, we also assume that f is homogeneous of degree one. (1.8) Since is convex and symmetric, by (1.2) we see that
Moreover, it follows from (1.6) and f(0) = 0 that
Complete Conformal Metrics of Negative Ricci Curvature 3 for some uniform constant C > 0; without loss of generality, we will assume C = 1. We also observe that by (1.6) and (1. By a theorem of Lohkamp [24] there always exist compact smooth metrics onM with negative Ricci curvature. Consequently, we have 
where σ k denotes the normalized kth elementary symmetric function
These functions all satisfy (1.5)-(1.8) and have many other useful properties; see, for
instance [3] , [6] , [8] , [10] , [15] , [18] , [22] , and [25] . by Gursky-Viaclovsky [13] , and by Sheng-Li [21] using a parabolic approach, for f = σ
The Ricci tensor of a conformal metricg = e 2u g is given by the formula (see [13] )
where (and throughout the paper) ∇u and ∇ 2 u denote the gradient and Hessian of u with respect to the background metric g. Consequently, the proof of Theorem 1.1 reduces to finding a solution u ∈ C ∞ (M) to the partial differential equation of second order
and desired properties to guarantee (1.3) and completeness ofg = e 2u g.
Our primary task is to solve the Dirichlet problem for (1.13) with smooth boundary data and derive interior a priori estimates up to second-order derivatives for solutions. These estimates, combined with appropriate barrier functions near boundary, will allow us to obtain a solution of problem (1.13)-(1.14) as the limit of a convergent subsequence as we let boundary data approach infinity.
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We shall consider slightly more general equations of the form
where γ , s, t ∈ R, γ > 0, and A is a smooth symmetric tensor onM. This equation, which in general is fully nonlinear, is elliptic for solutions u with λ(g
In many aspects, Equation (1.15) resembles the Hessian equation, which was first studied by Caffarelli-Nirenberg-Spruck [3] (also [14] etc.) and the σ k -scalar curvature equation introduced by Viaclovsky [26] . (These equations have been studied extensively and there is such an enormous amount of significant results and contributions that it is impossible for us to provide here anything close to a comprehensive survey. We instead refer the reader to the lecture notes and exploration articles [4] , [10] [17], [27] , [29] , and references therein.) Because of the term γ u (γ > 0), however, it is possible to prove stronger results for Equation ( 
In the spirit of Lohkamp's theorem [24] , which asserts that any smooth manifolds admit complete metrics with negative Ricci curvature, it seems an interesting question whether there always exists a complete conformal metric with negative Ricci curvature on M, or if Theorem 1.1 still holds without assumption (1.11 ). This will be investigated in a forthcoming paper. For scalar curvature this is proved positively by Aviles-McOwen [1] .
On the other hand, the answer is negative for compact manifolds without boundary, as 6 B. Guan one can easily see from the maximum principle. Indeed, on a closed manifold metrics of positive scalar curvature are never conformal to one with negative scalar curvature.
We remark that both Theorem 1.1 and its corollaries as well as Theorem 1.5 still hold when the Ricci tensor is replaced by the modified Schouten tensor
for all τ ≤ 0, where R g denotes the scalar curvature of g. In fact, if −τ is large enough, we may remove the corresponding assumption to (1.11). 
It would be interesting to extend Theorem 1.6 to all τ < 1. For the Schouten tensor
g , it is not known whether Equation (1.19) can be solved even on compact manifolds of negative Ricci curvature (with or without boundary); see [13] .
The article is organized as follows. In Sections 2 and 3, we establish local and global a priori estimates for the gradient and second derivatives of admissible solutions of (1.15), respectively. In Section 4, we construct barrier functions and derive boundary estimates for the second derivatives. Finally in Section 5, we solve the Dirichlet problem for Equation (1.15) and prove our main results.
Gradient estimates
In this section, we derive local and global gradient estimates for admissible solutions of Equation (1.15). For simplicity, we shall assume ψ ∈ C
be an admissible solution of (1.15) and consider
where ζ and η are functions to be chosen later. Assume that m 0 is attained at an interior point x 0 ∈ M. We wish to derive a bound for m 0 .
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Choose a local orthnormal frame e 1 , . . . , e n about x 0 and differentiate the function log ζ + log w + η(u), which achieves a local maximum at x 0 . We obtain at x 0 ,
and
where
It is known ( [3] ) that {F ij } is positive definite with eigen-
We calculate
Plugging these into (2.2) and using (2.3) we derive
Note that the first term in (2.6) is non-negative. So if we choose ζ to satisfy as in [11] that
we then obtain
Since F is homogeneous of degree one, by (1.16),
Next, differentiate Equation (1.15),
By (1.16), (2.1), and (2.4),
we have by (2.11), (2.12), and (2.7)
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Finally, combining (2.8)-(2.10) and (2.13), we derive
Let η(u) = v −N where N ≥ 1 and
We have
We may assume |∇u(x)| ≥ 1 and choose N sufficiently large to obtain from (2.14) and 17) where C depends on the superior of v on {ζ > 0}.
Taking η to be a standard cutoff function in a geodesic ball of radius r > 0 such that |∇η| ≤ C r −1 , we obtain 
Their result has been extended to more general symmetric functions; see for instance [5] , [12] , [20] , [19] and [28] . It seems interesting to ask if similar local estimates hold for admissible solution of (1.15) when t ≤ 0. In general, a fully nonlinear equation does not have this property.
Interior and global estimates for second derivatives
Our goal in this section is to derive interior and global estimates for second derivatives of admissible solutions of Equation (1.15). As in Section 2, we assume ψ does not depend on ∇u, but all results hold for ψ = ψ(x, u, ∇u). where C 4 depends on γ −1 , r −1 , max{s, 0}, max{−t, 0}, n, u C 1 (B r ) and other known data.
Proof. Set
where ζ and v are functions to be chosen later, with ζ satisfying
We may assume ϕ to be attained at an interior point x 0 ∈ M and for some unit vector ξ ∈ T x 0M . Choose a smooth orthnormal local frame e 1 , . . . , e n about x 0 such that e 1 (x 0 ) = ξ and {W ij [u](x 0 )} is diagonal. Let G = ∇ 11 u + s|∇ 1 u| 2 and assume G(x 0 ) ≥ 1. At x 0 where the function e v ζ G, which is locally defined near x 0 , attains its maximum,
By (3.3) and the Schwarz inequality,
Therefore,
and, similarly,
Next,
12 B. Guan by the formula for interchanging order of covariant derivatives, and
We calculate using (1.16) and (2.11),
By (3.7) and (3.3),
Combining (3.8)-(3.13) and using the concavity of F , we derive
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It follows from (3.14) that
and, by (3.5) and (3.6),
w.
by (3.10), (3.15) , and (3.16). Taking α = √ 2 − 1, we obtain from (3.18), (3.20) 22) and therefore ζ (x 0 )G(x 0 ) ≤ C . Since u is bounded from below, this yields
Finally, choosing ζ to be an appropriate cutoff function with support in B r , we obtain where C 3 depends on u C 1 (M) , max ∂ M |∇ 2 u| and other known data.
Boundary estimates for second derivatives
In this section, we construct barrier functions near ∂ M using the boundary distance function and derive a priori bounds for second derivatives of admissible solutions to Equation (1.15) with smooth Dirichlet data.
Let ρ be the distance function to the boundary ∂ M and set
Since ∂ M is smooth and |∇ρ| = 1 on ∂ M, for δ > 0 sufficiently small we may assume ρ to be smooth and |∇ρ| ≥ 1/2 in δ . To derive boundary estimates for the second derivatives, we will use barrier functions of the form
where β and N are positive constants.
Let u ∈ C 3 (M) be an admissible solution of (1.15). We consider the linearized operator L which is locally defined by
It is easy to see that if δ is small enough,
where C 0 depends on u C 1 ( δ ) , ψ, and the geometric quantities ofM and ∂ M. On the other hand, since |∇ρ| = 1 + O(ρ) for ρ small,
Consequently, as in [9] we have the following lemma.
where ν is the interior unit normal to ∂ M, for some constant C depending on
, and u C 1 (M) .
We are now ready to prove the boundary estimates for second derivatives.
Theorem 4.2.
Let u ∈ C 3 (M) be an admissible solution of (1.15) with
where constant C > 0 depends on n, u C 1 (M) , ϕ C 4 (∂ M) , ψ and its first derivatives.
Proof. Let x 0 be an arbitrary point on ∂ M. Since u = ϕ on ∂ M, we obtain an a priori bound for the pure tangential second-order derivatives
Next, as in [9] one may apply Lemma 4.1 to h = ±∇ ξ (u − ϕ) to derive
where ν denotes the interior unit normal vector field to ∂ M. To estimate the pure normal second derivative ∇ νν u, we note that
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Let us assume u νν (x 0 ) ≥ 0 (otherwise we are done). By (1.5) we have
, (4.12) where B is a symmetric matrix whose entries admit a priori bounds depending on u C 1 (M) and the estimates in (4.8) and (4.9).
By (4.12) and assumption (1.8) of F , we obtain (4.11). The proof of Theorem 4.2 is complete.
In the next section, we will also use the following barrier functions. For k ≥ 1,
where β > 0 is to be determined. We have
if β −1 ≥ max{1, −s, t/γ } and δ is sufficiently small. It follows that
Let ϕ ∈ C ∞ (M) and consider the function
As in (4.15) we have
if β −1 ≥ 2 max{1, |s|, |t|/γ } and δ is sufficiently small. Consequently,
Remark 4.3. If t ≤ 0 and 2s − t ≥ 0 then
Therefore, (4.15), (4.16), (4.18) , and (4.19) all hold in this case for any β > 0 when δ is sufficiently small.
The Dirichlet problem: proof of main results
We prove our main results in this section. For this purpose we wish first to establish existence results for the Dirichlet problem for Equation (1.15) . As usual we need to derive the a priori global C 2 estimate
for admissible solutions of (1.15); higher order estimates then follow by the theorem of , [16] ) and the classical Schauder theory. By the estimates derived in We now state a general existence result under the assumption of existence of a subsolution. 
in the viscosity sense, and Proof. Let us assume that ϕ is extended to a smooth function onM and consider the function η 1 = ϕ + h 1 in (4.17), i.e.
By (4.14) and (4.19) we see that if δ is sufficiently small, Finally, with all the estimates we have established, one can follow closely the proof of Theorem 4.1 in [9] to prove the existence of the desired solution of (1.15) and (5.13). We omit the details here and refer the reader to [9] . Proof. Let z ∈ C 2 (M) be an admissible function. By (5.14) we can find constant µ > 0 such The proofs of all our results stated in Section 1 are therefore complete.
